High density nuclear matter equation of state (EOS) is discussed. We first discuss that the recently observed negative slope of the proton directed flow requires softening of EOS at high density. We next give a brief review on possible solutions of the hyperon puzzle, three-baryon interactions, transition to quark matter, and modified gravity.
Introduction
The baryon density in the cores of massive neutron stars may reach (4 − 10)ρ 0 , which is the largest density in stable matter in our universe. Because of the large chemical potential, various forms of matter are expected to appear in neutron star cores, such as strange hadrons, meson condensate, quark matter, and color superconductor, in addition to nucleons and leptons. It is also possible to probe various phases of nuclear matter by using heavy-ion collisions. At collider energies (RHIC and LHC), the quark gluon plasma (QGP) is formed with almost zero baryon chemical potential, while we can probe baryon-rich region by using lower-energy heavy-ion collisions. Compared with compact stars, the isospin asymmetry (δ = (N − Z)/A) is small in heavy-ion collisions. At high temperatures, T > 100 MeV, pions are produced abundantly and reduce the anisotropy of baryonic part. Isospin chemical potential (δµ = µ n −µ p ) is evaluated to be 10 MeV or less in high-energy heavyion collisions, while it can reach 100 − 200 MeV in neutron star matter. In order to understand the whole phase-diagram structure in (T, ρ B , δ) space schematically shown in Fig. 1 , we need to combine knowledge from compact stars and heavy-ion collisions.
One of the most interesting questions in dense nuclear matter physics is the existence of the firstorder phase-transition boundary at high baryon densities. If the QCD phase transition in cold nuclear matter is of the first order, we must have at least one QCD critical point (CP) in the QCD phase diagram: The transition at zero baryon chemical potential is crossover, then the first-order phase boundary needs to terminate at CP. The existence of CP or the first-order phase transition boundary would be accessible in heavy-ion collisions. On the one hand, large fluctuations of conserved charges are expected around CP. Because of the second-order phase transition nature at CP, the susceptibilities and higher-order cumulants diverge at CP owing to the divergent correlation length, and thus one expects anomalously large fluctuations would be observed if the system passes around CP. Recent data show non-monotonic behavior of the fourth order cumulant (κσ 2 ) of net proton numbers as a function of the colliding energy [1] , and the interpretation of the data is under active debate. On the other hand, the softening of equation of state (EOS) is expected with the first-order phase transition, and causes reduction of the directed flow. The transverse collective flows, such as the directed flow v 1 = cos φ and the elliptic flow v 2 = cos 2φ , have been utilized to explore the properties of hot and dense matter EOS in the early stages of heavy-ion collisions. Particles are generally kicked in the transverse direction by the hot and dense region having larger pressure, and the v 1 generally shows a positive slope as a function of rapidity, dv 1 /dy > 0. When matter passes through the softening region, however, the negative slope of v 1 emerges as a consequence of a tilted ellipsoid with respect to the beam axis. Recent data show negative slope of proton v 1 at √ s NN > 10 GeV [2] . Thus the observed negative slope seems to suggest the softening of EOS, while its interpretation needs careful analysis of the EOS and dynamics. Another important problem in dense matter physics is so-called the hyperon puzzle. The baryon density in neutron stars may reach (4 − 10)ρ 0 , where the admixture of hyperons is expected from laboratory hypernuclear data combined with microscopic calculations starting from the NN and Y N interactions as well as phenomenological calculations. Hyperons also cause the softening of EOS, and many of the hyperonic matter EOS cannot sustain massive neutron stars, M 2M [3] . This inconsistency is called the hyperon puzzle. The hyperon puzzle is not only a problem in neutron star physics, but is also related with supernova (SN) explosions, dynamical black hole (BH) formations, and binary neutron star mergers (BNSM). In these compact star phenomena, the maximum densities are evaluated as (2 − 3)ρ 0 (SN [4] ) and ∼ 10ρ 0 (BH [5] and BNSM [6] ), and the temperatures cannot be ignored. The density and temperature region of hyperon admixture may not be reached in neutron stars but can be accessible during the dynamical BH formation processes [6] or in the hyper massive neutron stars formed in the last stage of BNSM.
In this proceedings, we first discuss the EOS softening suggested by the recent data. Next, we discuss the possible solutions of the hyperon puzzle.
EOS softening probed in heavy-ion collisions

QCD phase transition signals in heavy-ion collisions
The properties of hot matter at small baryon density have been extensively investigated experimentally and theoretically. Theoretical arguments and circumstantial experimental evidence suggest that matter produced in heavy-ion collisions at RHIC and LHC energies is a QGP. The lattice QCD Monte-Carlo simulation is also available at zero baryon density, and shows that the transition is crossover. The discovery of QGP and its strongly interacting nature have opened a new area of research, partonic matter physics under extreme conditions.
One of the next grand challenges is the detection of the QCD phase transition: the first-order boundary or the second-order feature at CP. Detecting the phase transition in heavy-ion collisions is not an easy task because of the non-uniform and non-equilibrium features. Nevertheless, we already know one example of the observed first-order phase transition in nuclear matter, the liquid-gas phase transition. The temperature as a function of the energy per nucleon (caloric curve) [7] is obtained by using the double ratio of isotope yields, ( 7 Li/ 6 Li)/( 4 He/ 3 He). The caloric curve shows an approximate plateau of T , a clear signal of the first-order phase transition.
The QCD phase transition signal in heavy-ion collisions is not yet clear. By fitting the hadron yield ratio, the temperatures T and baryon chemical potentials µ B are obtained and show decreasing T as a function of µ B [8] , as expected from the phase boundary in chiral effective models. However, the obtained "boundary" (µ B , T ) is believed to be the one at chemical freeze out, not at the QCD phase transition boundary. At colliding energies of
observed in several observables [9] , such as the K + /π + ratio (horn), m T slope parameter (step or rehardening), and the rapidity distribution width of π (dale). While there are arguments on the relevance of these signals to the phase transition, fully consistent understanding is not obtained yet. Recent observation of the non-monotonic dependence on the colliding energies in the cumulant of net-proton numbers [1] and the proton directed flow slope [2] seems to show clearer signals, as mentioned in the introduction. These observables are (more or less) directly related to the critical behavior around CP and the EOS softening. The cumulants of conserved charges should contain information across the phase boundary provided that the diffusion of conserved charges is not strong, and the momentum anisotropy produced in the early stages should survive even though later stage dynamics weakens the strength.
Negative directed flow
Now let us focus on the directed flow. The directed flow shows the first moment of the anisotropy in the particle distribution; v 1 (y) = cos φ y or p x y , where the beam (impact parameter) is in the z (x) direction, φ is the azimuthal angle, and y denotes the rapidity. When the EOS is repulsive, forward-(backward-)going particles are kicked in the +x (−x) direction and the v 1 slope is positive, dv 1 /dy > 0. The directed flow at colliding eneriges of (1 − 11)A GeV (2 GeV < √ s NN < 5 GeV)
has been utilized to determine the stiffness of the EOS [10, 11] . When the EOS is softened by some mechanism, particles are bended in the denser direction as shown in the left panel of Fig. 2 , and the directed flow can have a negative slope. Actually, the slope is predicted to show a minimum at a certain colliding energy in hydrodynamical calculations using an EOS with a first-order phase transition [12] . The negative slope has been predicted in microscopic hadron transport models at sufficiently high energies √ s NN > 20 GeV and at large impact parameters [13, 14] , but the origin of the sign change is purely geometrical and is not related to the EOS softening, as shown in the right panel of Fig. 2 . At higher energies, the interaction time becomes shorter, nucleons in the projectile and target nuclei go through each other, and the Bjorken picture rather than the Landau picture becomes valid. Nucleons in the projectile and target nuclei are slowed down according to the thickness of the reaction region. After passing through, particles are emitted in the outer region, and negative slope appears [13] . Thus the Bjorken picture and the dominance of the later stage repulsion generate the negative slope at √ s NN > 20 GeV.
Recently the directed flows of protons, anti-protons, pions and kaons are observed in the beam energy scan (BES) program at RHIC [2] . The collapse of the proton directed flow slope to a negative value is observed at √ s NN > 10 GeV. This collapse energy is higher than that in the old hydrodynamics predictions and lower than that of the geometrical slope change predicted in hadronic transport models. Then it might signal the softening of EOS. The excitation function of the directed flow slope has been investigated also with EOS softening effects, but the conclusions are controversial. Strong EOS sensitivities of the directed flow slope are found in a three-fluid model, which indicates that the crossover EOS is consistent with the directed flow data of energy range up to √ s NN = 11.5 GeV [15] . In a transport model calculation with a first-order phase-transition EOS, a negative slope is found to appear but at a lower colliding energy [16] . By comparison, in a transport+hydrodynamics hybrid approach, the directed flow is found to be insensitive to the EOS, and there is no minimum in the excitation function of the directed flow slope [17] . In the PHSD transport model which incorporates crossover EOS, the collapse energy is found to be higher and the experimentally observed minimum does not appear [14] . Thus it is not yet clear whether the negative slope of v 1 signals the softening of the EOS in hybrid approaches. are negative in the standard cascade from geometrical non-QGP effects [13] and from absorption by baryons [21] , respectively. Next we examine the nuclear mean field effects. Skyrme-type density dependent and Lorentziantype momentum dependent nuclear mean field of baryons are included based on the framework of simplified version of relativistic quantum molecular dynamics (RQMD/S) in Ref. [11] , but with slightly different parameter sets which yields the incompressibility of K = 272 MeV [22] . The hadronic transport model with momentum dependent mean field describes the directed flow data in the corresponding energy region better [11, 19] . The mean field slightly reduces the proton directed flow at √ s NN = 11.5 GeV, but the basic trend is the same as the cascade, and does not explain the negative slope of proton v 1 as shown in the top right panel of Fig. 3 [20] . Even if we modify the mean field treatments, there is no qualitative differences. Thus we conclude that hadronic transport models with standard cascade do not explain the negative v 1 slope of protons at 11.5 and 19.6 GeV.
Hadronic transport model analyses of directed flow
EOS softening effects
We shall now examine the EOS softening effects. We take into account nuclear EOS effects in the hadronic transport model JAM by changing the stochastic two-body scattering style [23] [24] [25] , which is normally implemented so as not to contribute to the pressure. By this way of effective EOS modification, we can simulate a variety of EOS by switching off and on the attractive orbits, then it is found to be very useful [20] . By imposing attractive orbits for each two-body hadron-hadron scattering, the pressure is reduced as given by the virial theorem [25] . In interacting many-particle systems, the pressure is obtained as the derivative of the virial G, pressures P from standard JAM (JAM with attractive orbits) at 7.7 and 27 GeV, respectively. The dashed and sold lines represent the EOS from hadron gas and the EOS with a first-order phase transition used in Ref. [26] . Taken from Ref. [20] .
When there is no potential effects, the momentum change d p i /dt is caused by the particle collisions,
where P f = dt i p i · v i /(3V∆t) corresponds to the kinetic contribution. The second term represents the pressure from two-body scatterings, where
is the momentum transfer and r i and r j are the coordinates of colliding particles i and j, respectively. V is the volume of the system, and ∆t is a time interval over which the system is measured. Thus, repulsive orbits q i j · (r i − r j ) > 0 enhance the pressure, while attractive orbits q i j · (r i − r j ) < 0 reduce the pressure. Attractive orbits are implemented in the simulation by exchanging the momentum of two particles in the two-body center-of-mass (c.m.) frame when the randomly chosen scattering orbit is repulsive. While in reality softening of EOS should depend on the local energy density and temperature, we impose a modified scattering style for all hadron-hadron 2 → 2 scatterings in order to examine the softening effects.
In the left panel of Fig.3 , we show the results with the EOS softening effects. Compared with the standard cascade results, attractive orbits drastically reduce the v 1 slope, and explain the STAR data at √ s NN 10 GeV. Particularly, the v 1 slope becomes almost zero and negative at √ s NN = 11.5 and 19.6 GeV, respectively. We note that attractive orbits supplemented by the mean field yields negative slope of proton v 1 at √ s NN = 11.5 GeV, as shown in the top right panel of Fig. 3 . At lower energy √ s NN = 7.7 GeV, results with attractive orbits are far from the data. It is interesting to find that JAM results with attractive orbits overestimates the negative slope of the proton v 1 at √ s NN = 27 GeV, indicating the need of EOS rehardening, i.e. created matter at this colliding energy reaches well above the transition region or less net baryonic density leads to weaker softening of the EOS. The EOS softening by attractive orbits is quantified by the pressure generated by a two-body collision obtained by using the formula [24] ,
where x i is the space-time coordinate of particle i, q i j is the four-momentum transfer, ρ is the Lorentz invariant local particle density, and δτ i is the proper time interval between successive collisions. In the bottom right panel of Fig. 3 , we show the "effective EOS" obtained by using the local pressure P = P f + ∆P and energy density e at each collision point in the central region [20] in comparison with the ideal hadron gas EOS and the EOS with a first-order phase transition (EOS-Q) [26] . With attractive orbits, we see a significant reduction of the pressure, which is comparable in strength to EOS-Q in the transition region.
Compact star matter EOS and Strangeness
After the discovery of massive neutron stars with M 2M , the hyperon puzzle has been attracting much attention. Many of the hyperonic matter EOSs are constructed based on hypernuclear physics information, (1) Λ potential in nuclear matter is around U Λ ∼ 30 MeV at ρ 0 , (2) Σ potential in symmetric nuclear matter is repulsive, U Σ > +20 MeV at ρ 0 , and (3) Ξ potential is weakly attractive, U Ξ −14 MeV at ρ 0 . One also usually assumes (4) coupling constants of hyperons with vector mesons is given by the quark number counting rule, g ωΛ g ωΣ 2g ωΞ 2g ωN /3, in relativistic mean field models, or (5) the three-baryon (3B) interaction involving hyperons is small and/or weaker than NNN interaction. Recent hypernuclear physics experiments have confirmed the point (2) and (3). The production spectrum in 6 Li(π − , K + )Σ −5 He reaction [27] is found to be consistent with U Σ +30 MeV [28] , and the newly discovered Ξ bound state of Ξ − -14 N [29] suggests attractive nature of the ΞN interaction. Then we have to doubt the assumptions of (4) or (5) in hadronic matter scenario.
Several mechanisms have been proposed so far to solve the hyperon puzzle. In the first category of solutions, one introduces 3B repulsion or density dependence in the two-baryon interaction [30] [31] [32] . In the second category of solutions, quark matter core is assumed [33, 34] . The third way is to invoke the modified gravity [36] .
In the quark matter scenario, if the QCD phase transition at high densities is of the first order, EOS is generally softened and hadronic EOS needs to be stiff enough to support 2M neutron stars. One of the ideas to avoid this softening is to consider the crossover transition [33] from nuclear matter to quark matter takes place at relatively low density, (2 − 3)ρ 0 , instead of the first-order QCD phase transition at high density. In this case, the crossover transition may occur at lower density than the onset of hyperon mixing, and one can avoid the EOS softening from hyperons as well as the firstorder phase transition. If the EOS is stiffened at high density in neutron star matter and is softened at high density in almost symmetric nuclear matter as suggested by the directed flow collapse, nuclear symmetry energy needs to be very large at high densities or the softening needs to start at higher density than the neutron star core. The directed flow analysis suggests that the softening starts at around 5ρ 0 [20] , then there is no contradiction if the neutron star core density is below 5ρ 0 .
The 3B repulsions or density dependence of two-baryon interactions have been investigated extensively [30] [31] [32] . While the 3B interaction effects on finite nuclei are not large, one can constrain its strength by using heavy-ion scattering, from the chiral effective field theory, from the lattice cal- Fig. 4 . Three-baryon potential in (nn) S =0 Λ and (npΛ) S =3/2 channels generated by the determinant interaction [32] . Shaded area shows the uncertainties from the size parameter. Filled circles show the results of the 3N potential obtained in the lattice QCD simulation [31] .
culation, or by the quark model. Recent studies suggest that 3B interactions involving hyperons are as repulsive as or more repulsive than the three-nucleon interaction. In Fig. 4 , we show the NNΛ interaction from the determinant three-quark interaction [32] . The determinant interaction acts as a repulsive three-quark interaction among u, d and s quarks, and gives rise to Y NN, YY N and YYY repulsion. This repulsion is comparable in strength with the NNN interaction obtained in the lattice QCD calculation [31] . As a result of comparable or more repulsive 3B repulsion in channels including hyperons, hyperon potential in nuclear matter saturates at around ρ 0 , becomes shallower or repulsive above ρ 0 . This early "turn over" from dU Λ /dρ B < 0 to dU Λ /dρ B > 0 may be the mechanism to delay or suppress the hyperons to appear in neutron star matter. In order to confirm the strength of the 3B interaction, we may need precise few-body hypernuclear data and/or precise Λ separation energy and its mass dependence.
It should be noted that the bare 3B interactions from lattice QCD or the determinant interaction shown above are much smaller than phenomenological 3B interactions. Then the main part of the 3B repulsion in nuclear matter should come from the generated 3B interaction. For example, the Pauli blocking in the intermediate state strongly suppresses the attraction from two-pion exchange processes, and this suppression plays the role of 3B repulsion or the density-dependent repulsion.
Summary and discussion
In this proceedings, we have discussed the high density EOS, focusing on the EOS softening suggested by recent direct flow measurement and the hyperon puzzle. Dense matter EOS is important in nuclear physics and astrophysics. In compact star phenomena (neutron stars, supernovae, black hole formation, binary neutron star mergers), very dense matter would be created, and nonnucleonic hadrons and quarks may emerge. In heavy-ion collisions at √ s NN = (5 − 20) GeV, very dense (and partially equilibrated) matter would be formed. Recent observation of the directed flow collapse (dv 1 /dy < 0) seems to indicate softening of the EOS at high densities. Existence of massive neutron stars imply stiff EOS in isospin asymmetric dense matter, and requires some mechanism such as three-baryon repulsive interaction, transition to quark matter, or modified gravity. Consistent understanding of heavy-ion collisions and compact stars would be helpful to draw the QCD phase diagram in the three-dimensional space, (T, µ B , δ).
